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Regression-Rate and Heat-Transfer Correlations
for Hybrid Rocket Combustion

Martin J. Chiaverini,* Kenneth K. Kuo," Arie Peretz,* and George C. Harting§
The Pennsylvania State University, University Park, Pennsylvania 16802

A series of static engine firings, thermal pyrolysis experiments, and gas chromatograph/mass spectrometer tests
were conducted to investigate the solid-fuel regression rate and heat-transfer behavior in a lab-scale hybrid rocket
motor burning hydroxyl terminated polybutadiene/gaseous oxygen. A real-time, X-ray radiography system was
used to determine the local,instantaneousregression rates. A data analysis program was developed to help correlate
the experimental data. The semi-empirical regression-rate correlation showed that, in addition to convection,
radiation from soot and variable fluid properties across the boundary layer had significant effects on regression-
rate behavior. The radiant heat flux from soot was relatively more significant under low mass flux and low oxidizer-
to-fuel ratio conditions. Radiation from CO;, HO, and CO was quite small compared to convection and soot
radiation. The nondimensional regression-rate correlation agreed with the experimental data to within = 3%.
Stanton- and Nusselt-number correlations were also developed and found to depend on both flow regime and
radiant heat flux. The regression-rate correlations predicted independent data from both a lab-scale tube burner
and the 11-in. (28 cm) JIRAD motor to very reasonable accuracy.

Nomenclature
A = Arrhenius preexponential constant, mm/s
B = blowing parameter, p,r/(Gcy/2) or Eq. (20)
B,,a = modified blowing parameter, B exp(q./q.)
c = fuel specific heat, J/kg-K
cy = skin-friction coefficient
Cp = gas isobaric specific heat, J/kg-K
D = mass diffusivity, m?/s
Da = Damkohler number
D, = hydraulic diameter, cm
E, = activation energy, kcal/mol
F = function defined in Eq. (22)
G = local, bulk mass flux, kg/mz-s
h = enthalpy, J/kg; port height, mm
L = length of fuel slab, 58.4 cm
Nu = Nusselt number
Pr = Prandtl number
p = pressure, atm or MPa
q" = heat flux, W/m?
R = function defined in Eq. (34)
Re = Reynolds number
R, = universal gas constant, kcal/kg-K
r = regressionrate, mm/s
St = Stanton number
T = temperature, K
t = time, s
u = streamwise velocity component, m/s
w = fuel web thickness, mm
X = axial location,cm
Y; = species mass fraction
o = absorptivity
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heat of formation, J/kg

heat of reaction per unit mass reactants, J/kg
heat of vaporization,J/kg

emissivity, or turbulence dissipationrate, m*/s
temperature ratio, Ty, / T,

absorption coefficient

viscosity, Ns/m?

density, g/cm®

= Stefan-Boltzmann constant
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Subscripts

average
convective

effective

= flame

gas phase

= oxidizer, or reference
= radiant

= surface or soot

= turbulent

Introduction

HE classical hybrid rocket motor provides several important

safety and operational advantages over both solid-propellant
and liquid-propellantmotors because the solid fuel and liquid oxi-
dizer are separated physically and stored in separate phases. In con-
trast to solid-propellantgrains, pure solid fuel grains are insensitive
to cracks and imperfections, are inert, and are safe to manufacture,
store, transport, and load. Hybrid motors can also be throttled for
thrust tailoring, shutdown, restart, and mission abort. Because of
their high level of safety, vehicles propelled by hybrid motor sys-
tems should be more economical to manufacture and launch than
current vehicles.

The solid-fuelregressionrate representsthe key parameter for hy-
brid fuel grain internal ballistic studies. A thorough understanding
of the physicalprocessesthat govern solid-fuelregressionunder var-
ious conditionscan assistin developinghigher performance motors
with more attractive operating characteristics. Probably the most
influential theory so far for explaining regression-ratebehavior was
developed by Marxman and colleagues' ~* over 30 years ago. They
basedtheirapproachon turbulentcombustionovera flat fuel surface.
According to their study, the solid-fuel regression rate is governed
primarily by convective heat transfer from the flame to the fuel
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surface. The local mass flux G is the primary operating parameter
governing regression rate in this theory. Both Marxman and Paul
etal.* later attempted to modify Marxman and Gilbert’s original ap-
proach to account for density variations across the boundary layer.
Marxman and colleagues®? also made allowances for radiant heat
flux caused by gas-phase combustion products, but concluded that
only a strong source of thermal radiation would significantly alter
the regression-rate behavior.

Several more recent investigations have furthered the study of
thermal radiation effects in hybrid combustion. Estey et al.’> found
that including a term to account for thermal radiation improved
empirical correlations for metal-loaded fuels, whereas convective
heat-transfertheory worked best for pure hydrocarbonfuels. Strand
et al.° measured the total radiant heat flux to the fuel surface in a
slab-geometry,lab-scale motor. In contrastto Estey’s findings, they
concluded that radiation from soot can significantly influence the
regressionrate of pure HTPB, especially at lower O/F ratios. They
also suggested that future experiments consider the variations in
thermal radiation with motor pressure and O/F ratio.

At about the same time Marxman and coworkers'~® performed
their work, Smoot and Price’® conducted a large number of ex-
periments which indicated that at relatively low pressures and high
mass fluxes the solid-fuelregressionrates in hybrids employing flu-
orinated oxidizers displayeda strong pressure dependence,but only
a weak dependence on mass flux. After an extensive investigation
they concluded that oxidizer transportto the fuel surface and subse-
quent first-order heterogeneous reactions were responsible for the
observed pressure dependence. Their correlation predicted the ex-
perimentalregressionrates to within £40%. However, both Kosdon
and Williams'® and Muzzy'! attributed the pressure dependence to
finite-rate gas-phase chemicalkinetics, while Rastogi and Deepak'?
suggested that heterogeneousreactions at the fuel surface could be
responsible for this phenomenon. Citing a mismatch between py-
rolysis data obtained in a hybrid motor and from various thermal
pyrolysis studies, Kumar and Stickler'® also considered the possi-
bility of fuel surface attack by unburntoxidizer passing through the
boundarylayer. Miller'* derived an expression,based on both chem-
ical kinetic and gasdynamic variables, that successfully correlated
Smoot and Price’s data to within the accuracy of their experiments.

Though hybrid rocket motors have been investigated by a num-
ber of exceptionalresearchersover the years, various technical gaps
still exist in the literature. Questions still persistas to the extent and
nature of radiant heat transfer, gas-phase kinetics, and port geome-
try effects on regressionrate. Scaling effects also remain an area of
interest. For example, Estey et al.> found that extrapolating simple
correlations to different sized motors often resulted in very large
errors. Although engineering expressions, such as r =aG?”, have
often been developed to describe the experimental results from par-
ticular motors, empirical regression-rate correlations, which reflect
the complex nature of hybrid combustion processes, are lacking for
modern fuels.

This article discusses recent results obtained from a series of
investigations conducted at The Pennsylvania State University on
solid-fuel regression-rate behavior in a classical hybrid rocket mo-
tor. The main objective of the study was to provide a better un-
derstanding of the physical processes that may influence solid-fuel
regression-ratebehaviorunder various conditions. During the initial
investigation, a lab-scale hybrid motor was designed, constructed,
and tested to obtain a large database of local, real-time regression
rates and fuel temperatures over a range of operating conditions.
Data reduction procedures and preliminary dimensional correla-
tions were developedto describe the solid-fuel regressionrates.!>16
Later, a series of thermal pyrolysistests was conductedusing a rapid-
heating technique to obtain pyrolysis laws and to quantify the prod-
ucts of fuel pyrolysis for various solid-fuel formulations.!” These
various experimental results were then combined with a compu-
tational scheme to develop dimensionless regression-rate and heat-
transfer correlationsand to assistin interpretingthe data. This paper
discusses the results of the combined experimental/computational
analysis and presents a set of dimensionless regression-rate and
heat-transfercorrelations for the hybrid rocket motor. The predicted

regression rates from these correlations also compared favorably
to data for a lab-scale tube burner'® and the JIRAD 11-in. hybrid
motor."?

Method of Approach

Experimental Methods

The windowed, slab-geometry hybrid motor, shown schemati-
cally in Fig. 1, has been described in detail in previous papers.'>!6
The motor utilized two opposing fuel slabs each 58.4 cm long and
7.62 cm wide with a uniform initial web thickness of either 4.28
or 4.45 cm, corresponding to port heights of 1.27 or 0.89 cm, re-
spectively. The motor operating conditions were within the range
of interest for practical applications: G, up to 530 kg/m?-s, p up
to 55 atm, L /D), of about 40, and O/F ratio between 1.5 and 3.5.
Both real-time, X-ray radiography and ultrasonic pulse-echo sys-
tems (UST) were used to deduce the local, instantaneous solid-fuel
regression rates. X-ray radiography was limited to one of the two
viewing windows per test. Several embedded 25-um microther-
mocouples (TC) were used to measure fuel temperature profiles at
various axial locations. Pressure transducers (PT) provided the mo-
tor pressure history along the motor port. The tests discussed here
focused on HTPB/GOX combustion; however, metallized fuels us-
ing both conventionalaluminum and explosively formed aluminum
powder (Alex) were also tested.!>~!"

The thermal pyrolysis test rig employed a rapid, conductive-
heating technique wherein a hot, coppercylinder(1.27 cm in diame-
ter,7.62cmin length) was droppedfroma tube furnace to the surface
of a small solid-fuelstrand (typically 0.5 cmin diameterby 1.5 cmin
length) to initiate and sustain thermal pyrolysis.!” The cylinder had
a selected initial temperature in the range of 800-1300 K. The fuel
strands were situated in a windowed chamber filled with nitrogen
to provide a less reactive environment. Most tests were conducted
at atmospheric pressure. Regression rates were determined using
video images of the pyrolysis process, while micro TCs provided
the pyrolyzingsurface temperature. Various HTPB-based solid fuels
were tested, including pure HTPB. Arrhenius parameters were ob-
tained by correlating the regression rates and surface temperatures.
A gas chromatograph/mass spectrometer system with flash-heating
pyrolysis oven was employed to identify and quantify the pyrol-
ysis products of the solid fuels. The product concentrations were
found to depend strongly on temperature. Reference 17 discusses
the results of this study in detail.

Analytical Methods

In additionto the experimentalresults,several analytic techniques
were employed to obtain the variables of interest necessary to pro-
vide a thorough analysis of the heat flux and solid-fuel regression-
rate behaviorin the hybrid motor. The main objectiveof the analysis
was to calculate dimensionless numbers for use in correlating the
experimental data. To accomplish this task, it was first necessary to
determine the relative importance, under different operating condi-
tions, of the convective and radiative heat fluxes to the solid-fuel
surface. Based on initial studies of the experimental hybrid motor
data, which indicated a regression-rate pressure dependence in the
low mass flux range'® and on previous studies by Strand et al.,°® the
radiant heat flux to the solid-fuel surface was expected to contribute
in a nonnegligible manner to the overall combustion process, even
for nonmetallized HTPB.
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Fig. 1 Windowed, lab-scale hybrid motor.
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Fig. 2 Schematic flowchart of overall method of approach.

Figure 2 summarizes the relationship among the various anal-
yses and experimentally deduced quantities employed during the
present study. The round-cornered boxes indicated experimentally
based techniques, the sharp-cornered boxes represent analytical or
theoretical analyses, and the circles represent the major results and
dimensionless parameters of interest. The diagnostic instruments
integrated into the lab-scale hybrid motor directly measured mo-
tor pressure history, subsurface fuel temperature profile, surface
temperature, local, instantaneous solid-fuel web thickness and port
height, and instantaneous oxidizer flow rate into the motor. The
local, instantaneousregressionrates were deduced using web thick-
ness measurements from the real-time, X-ray radiography video
images.!> The thermocouple array, however, gives only discrete
surface temperature measurements at a single time, i.e., the time
at which a given thermocouplejunction passes through the pyrolyz-
ing fuel surface. A pyrolysis law in Arrhenius form, deduced using
data from both the hybrid motor and conductive heating tests, was
therefore used with the local, instantaneous regression rates to ob-
tain the corresponding local, instantaneous surface temperatures.
The pyrolysis law is given by

r ZAGXP(_Ea/RuTs) (1)

where, for pure HTPB, E, =4.91 kcal/mole and A =11.04 mm/s
for T, greater than 722 K.'7

Calculation of Total Heat Flux

Energy and mass-flux balances were used to determine the local
heat flux to the fuel surface:

do =4 +q = psr Z Y;AHY, — AH;’.HTPB

n Ts
+pr ZY[/ ¢y dT @)
T

i ref

where ¢/ is caused by both convection and radiation. In deriving
Eq. (2), the assumption was made that the species diffusion veloci-
ties leaving the fuel surface and the kinetic energy terms associated
with fuel regressionand vaporizationwere negligible. The local sur-
face temperature history, deduced using Eq. (1) and the measured

fuel regression history, the pyrolyzed species mass fractions (them-
selves a function of temperature), deduced from the mole fractions
measured in the gas chromatograph/mass spectrometer (GC/MS)
tests,!” and thermophysical data for each of the pyrolyzed species
were all used to calculate g;/, in a local, instantaneous manner. The
heat of formation of HTPB was taken as —2.97 kcal/mol, assuming
a molecular weight of 100 g/mol. Polynomial expressions for the
individual species’ isobaric specific heats ¢, ; were taken from Ref.
20 and used in the integral term of Eq. (2).

Both the pyrolysis kinetics and the pyrolyzed species concentra-
tions can have nonnegligibleeffects on the total and convectiveheat-
flux calculations. Using the E, (4.91 kcal/mol) and A (11.04 mm/s)
values justcited, Eq. (1) indicates that a regressionrate of 0.5 mm/s,
for example, corresponds to a surface temperature of about 798 K,
whereas regressionrates of 1 and 1.5 mm/s require surface temper-
atures of 1029 and 1238 K. However, the kinetic parameters listed
in Ref. 21, E, = 16.9 kcal/mol and A = 3250 mm/s, provide differ-
ent results. For r =0.5, 1, and 1.5 mm/s the corresponding surface
temperatures are 969, 1052, and 1107 K, respectively. These calcu-
lationsin turn affectthe heat-flux calculations. A sensitivity analysis
using typical experimental data showed that using the Ref. 21 ki-
netics altered the total heat-flux calculations by &5 to =10%. The
effects of pyrolyzed species concentrations were also examined by
calculating total heat fluxes assuming that 100% of the pyrolyzed
species were 1,3-butadiene gas, rather than the mixure obtained us-
ing the GC/MS system.!” Calculated total heat fluxes increased by
about 10% because 1,3-butadiene has, on average, a higher heat of
formation (2037 J/g) than the other pyrolysis products identified in
Ref. 17. Therefore, the analysis of HTPB hybrid fuel data should
include a consideration of all major pyrolysis products, not only
1,3-butadiene.

Calculation of Radiant Heat Flux Caused by Gas-Phase Products

The radiant heat-flux component in Eq. (2) may originate from
various sources: the gaseous products of combustion, such as CO,
and H,O; soot produced in the motor from the incomplete burning
of solid fuel; and metallic particles liberated from the pyrolysis of
metallized solid fuel. Because the regression-rate and heat-transfer
analysis focused on pure HTPB fuel, the current study did not con-
sider this last radiation source.

The radiant heat transfer to the fuel surface originating from the
gaseous combustion products can be calculated by first determining
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the gas-phase emissivity. For the case of a solid hydrocarbon fuel/
oxygen combustion system, CO,, H,O, and CO represent the most
important radiating product gases.?>?* To calculate the appropriate
emissivity, the assumption was made that the only significant ther-
mal radiation originated at the reaction zone where the gas compo-
sition can be reasonably well characterized using a chemical equi-
librium code. (However, thermochemical equilibrium calculations
could underestimate the amount of CO, and H,O caused by the for-
mation of soot in the product. The effect of this underestimation is
probably not significant for radiant heat-flux calculations because
the majority of the thermal radiation originates from soot, as will be
shown later.) The flame was therefore treated as a source of thermal
radiation, whereas any radiation from other zones of the boundary
layer and core flow was ignored. This approach was justified on the
basis that the flame represents the hottest region of the flow and
also contains the highest concentration of the radiating combustion
products. The oxidizer-rich boundary-layer zone above the flame
probably emits little radiation because it consists mainly of O, and
is also somewhat cool compared to the flame, as shown by the nu-
merical results of Venkateswaran and Merkle.?* The fuel-rich zone
between the fuel surface and flame consists of both pyrolyzed hy-
drocarbonfuel vapors (which can emit and absorb thermal radiation
over a wide temperature range) and some combustion products that
have diffused from the flame toward the fuel surface. However, ra-
diation from this thin zone to the surface was also ignored because
these gases also have relatively low temperature with respect to the
flame. In summary then, only the combustion products CO,, H,O,
and CO at the flame were assumed to emit significantradiationto the
fuel surface, and this simplification leads to the following analysis.

Leckner’s empirical correlations’® were used to estimate the emis-
sivity of both CO, and H,O, whereas Edwards exponential wide-
band radiation model** was used to determine the emissivity of CO.
For Leckner’s method the emissivity at atmospheric pressure is first
calculated:

m n T J
Eo(paap =1 'bar, Tg) = exp chﬂ (Fg)

i=0 j=0

k
><|:10g1(J (:Tg)i| (3)
a™glo

where the reference temperature 7, equals 1000 K and (p,L,),
equals 1 bar-cm. The term p, L, is called the partial pressure path
length of the gas component and represents the product of partial
pressure and a geometric path length, such as the thickness of the
gas layer. The emissivity at the actual pressure is calculated from

epalg, P T) . (@a— DA~ Pr)
&o(paLyg, 1-bar, T,) a+b—1+ Pg
2
(paLg)m
—c| 1 _— 4
X exp c|: 0g1o i, 4)

where the pressure term Pg depends on the total pressure, partial
pressure of the gas componentunder consideration p,, and the tem-
perature ratio T,/ T,. The partial pressures are readily found from
the measured pressure and equilibrium mole fractions. The corre-
lation parameters in Egs. (3) and (4) for H,O and CO,, as well as
Edward’s method for CO, are given in detail by Modest.?

As shown in Fig. 2, the radiation models require the total gas
pressure, species partial pressures or mole fractions, gas temper-
ature, and path length L, as inputs. A chemical equilibrium code
was used to determine the theoretical flame temperature and species
mole fractions as a function of instantaneouspressure and O/F ratio.
The instantaneous O/F ratio was calculated using the instantaneous
GOX flow rate into the motor and the instantaneous fuel mass-flow
rate, based upon the known, spatially integrated regressionrate. The
assumption was made that the motor had a uniform O/F ratio ateach
instant of time because the local O/F ratio at the flame is not par-
ticularly well known. The experimentally measured motor pressure

was combined with the equilibrium mole fractionsto yield the CO,,
H,O, and CO partial pressures.

Because only the combustion products at the diffusionflame zone
were considered to generate significant radiation, the reaction zone
thickness L representsthe appropriatepath length forusein the gas-
phase radiation calculations. For turbulent diffusion flames Gibson
and Libby? used an analytic expression to calculate the thickness
of the flame zone as a function of the Damkohler number Day and
the Batchelor length scale of turbulence L 3:

Ly~ Ly(Dap)* 5)
where

Lg = (vD?/e)"® (6)
and

Da; = (vk?/¢)%? (7

where & should not be confused with the emissivity. In Egs. (6) and
(7) the molecular diffusivity and kinematic viscosity of the gas mix-
ture at the flame were calculated using the boundary-layerintegral
matrix procedure (BLIMP) mixture equations described by Kuo.?®
For the global reaction of 1,3 butadiene gas (the most abundant py-

rolysis product of HTPB) and gaseous oxygen, Cheng et al.?’ gives
the rate constant, in s~!, as
k = 8.80 x 10" exp(—15,200/T) (8)

with T in K, which was used in calculating Dar. Turns?® suggests
estimating ¢ with

&~ 3u” /210 9)

rms

The integral turbulence length scale /, can be estimated at about an
order of magnitude smaller than the characteristic length scale of
the problem, which, for the present purposes, is the local, instan-
taneous port height (distance between the fuel slabs). Therefore, it
was assumed that [, ~ 0.14. The local value of & was measured us-
ing the real-time X-ray radiography system. Similarly, u/__ is about
an order of magnitude smaller than the mean streamwise velocity
component, such that u/  ~ 0.1u, where the velocity of interest is
the gas velocity in the flame zone ug. Strand et al.*® have confirmed
this estimate with hot-wire anemometry measurements during ni-
trogen cold-flow tests in a lab-scale hybrid motor. The gas velocity
in the flame zone can be approximated by

ug ~ G/[(pMp)/ (R, Tp)] (10)

where the local bulk mass flux is deduced using a one-dimensional,
transient analysis,30 and Ty and M Wy are determined from chemi-
cal equilibrium calculations. G represents the local, bulk (average)
streamwise mass flux across the port.

Despite the rough estimates used in calculating the flame thick-
ness, Eq. (5) gives quite reasonable results with respect to ex-
perimental measurements. Schlieren measurements in Ref. 3 have
shown that the reaction zone in an atmospheric hybrid motor is ap-
proximately 0.8-1.6 mm thick. Similarly, typical flame thickness
calculated using the present method was 1-2 mm. In any case, it
turned out that the flame emissivity was relatively insensitive to the
particular choice of reaction zone thickness.

Because the flame zone has a finite thickness, it seemed reason-
able to use a bulk flame temperature in the radiation calculations
rather than the theoretical flame temperature, which may represent
anoverestimationof the averagetemperaturein the flame zone. Tem-
perature profiles from the computational hybrid model developed
by Venkateswaran and Merkle in a parallel study** were used to
show that the bulk temperature across the reaction zone varied from
approximately 97 to 91% of the equilibrium flame temperature.

With the motor pressure, species partial pressures, bulk flame
temperature, and flame thickness determined from the preceding
analysis, the total emissivity of the gas mixture was calculated from

&, = €m0 + €co, + Eco — Ag (11)
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where Ae represents a correction factor to account for the fact that
CO, and H,0 emit radiation in partially overlapping bands.?* The
net thermal radiation transferred to the fuel surface by the combus-
tion products was calculated using

q/, = craj(engﬂ4 - T;‘) (12)
where &; was 0.95 (Modest’s value for glossy rubber?®). Because
typical fuel surface temperatures were on the order of 1000 K and

flame temperatures on the order of 3500 K, only a small fraction of
the radiant energy was absorbed by the flame.

Calculation of Radiant Heat Flux Caused by Soot

Radiation from particles in hybrid motors has largely been ne-
glectedin the past, especially for nonmetallizedfuels. However, soot
particlescan actas effectiveblackbodyradiators,and becausesoot is
commonly associated with hydrocarbonflames, it seems reasonable
that some portion of the radiant heat flux may originate from soot.
Strand et al.> have made similar observations using their lab-scale
hybrid motor, which also burned GOX and HTPB. Their experimen-
tal data were used to develop an appropriate soot radiation model
for the present study. Strand et al.% used a calorimeter, radiometer,
and infrared thermometer to measure the total heat flux to the fuel
surface, radiantheat flux to the fuel surface, and flame temperature,
respectively. The operating pressure, average regression rate, and
average O/F ratio (between 2 and 3) were also measured. The mea-
sured radiant heat flux incident to the fuel surface was thought to
originate from both combustion product gases and soot particles ®
To distinguish the relative magnitudes of radiation from these two
sources for use in the presentstudy, Leckner’s method and Edward’s
model, along with the supporting analysis just discussed, were em-
ployed to determine the amount of radiation caused by the H,O,
CO», and CO product gases in Strand et al.’s® measurements. The
radiation caused by soot was obtained by subtracting the calculated
amount of radiation from the gas-phase combustion products from
the total radiation measurements. The results of this analysis indi-
cated that radiation from the gaseous products actually contributed
a relatively small amount to the total radiative heat flux. Soot was
found to account for approximately 80% of the total radiant heat
flux measured by Strand et al.®

The soot absorptioncoefficients were found by assuming that g,
could be calculated from

g/, =0T (1—e™) (13)
and that the soot particles were in thermal equilibrium with the
surrounding gas. The term in parentheses corresponds to the soot
emissivity. The reference gas temperature 7, was taken to be 95%
of the equilibrium flame temperature because Strand et al.5 showed

that their measured flame temperature was slightly lower than the
calculated adiabatic flame temperature of 3400 K. Use of a refer-
ence gas temperature does not imply that all of the soot particles are
at this temperature. In general, the soot in the motor should have
a temperature distribution. Nevertheless, the reference gas temper-
ature T, was used to relate the absorption coefficient to the motor
operating conditions.

The absorption coefficients calculated using Eq. (13) were cor-
related with the corresponding pressures and O/F ratios. Accord-
ing to the data of Strand et al.,° «, exhibited no obvious pressure-
dependence,but depended strongly on the measured O/F ratio such
that

K, =0.51 —0.1130/F (14)

Though Strand et al.® measured average O/F ratios between 2 and
3, Eq. (14) was assumed valid for the present study where instan-
taneous O/F ratios ranged from about 1.5 to 3.5. Equation (14)
indicates that higher O/F ratios lead to lower soot emissivities be-
cause more oxidizeris availableto react with the pyrolysis products.
Equations (13) and (14) were subsequently used with the instanta-
neous O/F ratio and bulk flame temperatureto determine the radiant
heat flux caused by soot particles for the tests under this investiga-
tion. Equation (14) applies only for the combustion of oxygen and
HTPB. Other fuel and oxidizer combinations may display different
sooting trends.

Calculation of Convective Heat Flux

The amount of heat flux caused by convection was determined

by subtracting the radiant heat fluxes from the total heat flux:

9= Qe = g — 4y (15)
The relative magnitudes of the heat fluxes under differentoperating
conditions are discussed later.

Several other quantities are required to complete the analysis
described in Fig. 2. The local, bulk, instantaneous mass flux was
determined using a transient, one-dimensional code that employed
the continuity,energy, and ideal gas law equations to finite volumes
along the combustion port. The bulk density, temperature, velocity,
and enthalpy were also obtained using this method. The molecu-
lar transport properties, such as i, k, D, and ¢, were determined
using analytic methods from the BLIMP model.?®

Discussion of Results

Table 1 shows a summary of the operating conditions and global
regression rates for the test firings conducted with the lab-scale
hybrid rocket motor. The run times for all tests were between 5
and 10 s. Tests 10 and 16 are not listed in Table 1 because these

Table1 Summary of lab-scale hybrid motor test firings (averaged data)

Test Fuel G, P, Dy, r,

number (top/bottom) kg/m?-s  atm cm O/F mm/s Remarks

1-4 HTPB —_— _ —— — — Ignition and checkout

5 HTPB 151.0 402 264 129 136 Large p oscillations

6 HTPB 113.5 259 3.20 1.88  0.87 Ultrasound

7 HTPB 83.5 26.6 3.24 1.72  0.73 X-ray, ultrasound

8 HTPB 82.2 25.5 3.21 1.67 0.72 X-ray, ultrasound

9 HTPB and HTPB w 174.4 25.5 300 2.06 1.10and X-ray, ultrasound
0.25% cb? 1.13 carbon black (cb)

11 HTPB w 0.25% cb? 117.9 30.4 3.39 2.04 0.92and X-ray, ultrasound
and HTPB 0.92 carbon black (cb)

12-14 HTPB with Alex —_— _ —— — — Effects of Alex

15 HTPB 207.1 32.0 2.86 1.95 1.26 X-ray, ultrasound

17 HTPB 215.9 30.3 2.83 1.93 1.27 X-ray, ultrasound

18 HTPB 171.8 29.6 3.33 226 124 X-ray, ultrasound

19 HTPB 197.2 31.2 2.97 1.95 1.26 X-ray, ultrasound

20 HTPB 273.5 18.7 2.73 2.05 1.54 X-ray, ultrasound

21 HTPB w 20% Al 174.1 27.3 3.24 196 1.25 X-ray, ultrasound
HTPB 1.09 Effects of 20% Al

#Carbon black powder, 75 nm.



104 CHIAVERINI ET AL.

firings did not yield reportable data. The effectof carbon black as an
opacifying agent (Tests 9 and 11) and the effects of Alex (ultra-fine
aluminum) and conventional aluminum as regression-rate enhanc-
ing agents (Tests 12-14, 21) were also investigated.>~'7 A more
detailed analysis of the regression-rate behavior of the metallized
fuels will be reported in a future work.

The global regression rates shown in Table 1 represent a time-
and space-average value determined by averaging local pre- and
postfiring fuel web thickness measurements. Measurements were
made using a caliper at intervals of 1.25 or 2.5 cm along the length
of the fuel slabs. These local changes in web thicknesses were also
used to calculate the average hydraulic diameters, which included
the side walls, as well as the corresponding cross-sectional areas.
The mass-flux values listed were similarly calculated by averaging
the local mass fluxes. The O/F ratio listed in Table 1 represents the
time-averaged mixture ratio that occurs at the end of the fuel slab.
The chamber pressure is also a time-average value. Large pressure
oscillations on the order of 25% of the mean pressure were ob-
served for Tests 1-5. A modification to the feed system eliminated
the combustion instability, and the remaining tests displayed pres-
sure traces with about 1% oscillations.

A simple regression-rate correlation was developed using the
global (time- and space-averaged) r and G values shown in Table 1.
A least-squares analysis of the data yielded

r = 0.049G*%!(R? = 0.989) (16)

The high R? value of 0.989 indicates that Eq. (16) accurately rep-
resents the experimental data. Equation (16) was developed for
nonmetallized HTPB only using the Table 1 data from Tests 6-
9, 11, 15, and 17-20. Test 5 was not included because of the large
pressure oscillations, which are known to enhance fuel regression
rates.!” Indeed, Eq. (16) predicts a regression rate of 1.05 mm/s for
Test 5, whereas the experimentalregressionrate is 29.5% higher at
1.36 mm/s.

Component Heat-Flux Behavior

The local, real-time regression rates used to calculate heat-flux
behavior were found using the X-ray radiography system. Figure 3
shows a typical local regressed fuel web thickness trace and corre-
sponding regression-rate trace. Local fuel web thickness measure-
ments were made from captured video images at frequencies of
about 6-7 Hz. Sample X-ray images can be found in Ref. 15. In
Fig. 3 the regressed fuel web thickness was fit with

w = at’ (17)

where f is measured from ignition and a and b are empirical con-
stants. The time of ignition was determined from the pressure trace.
The correspondinginstantaneousregression rate was found simply
by differentiating Eq. (17) with respect to time ¢ to obtain

dw
r=—=abt’! (18)
dr
10 T T 1 3
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Fig. 3 Typicalinstantaneousfuel web thickness change and calculated
regression rate.

Normally, 12-15]ocal regression-ratetraces, taken at approximately
1.25-cm intervals along a selected region of the fuel slab, were
deduced for each test. Reference 15 provides a detailed discussion
of the proceduresused to deduce the instantaneousregression rates
from both the X-ray radiography and ultrasonic pulse-echo systems,
including the treatment of the ignition, engine pressurization, and
shutdown transients.

Figure 4 shows the Arrhenius plot obtained using surface tem-
perature and correspondingtime-averagedregression-ratemeasure-
ments from both the hybrid motor and the rapid-heating pyrolysis
test rig.!” Reference 17 provides a detailed discussion of the anal-
ysis used to obtain Fig. 4. Here, it suffices to note that both sets
of data agree well, indicating no mismatch between regression-rate
datain the high-pressure,oxidativeenvironmentof the hybrid motor
and the atmospheric-pressure nitrogen environment of the thermal
pyrolysis test rig. This result suggests that heterogeneousreactions
did not play an importantrole in the overall fuel regression process
in the hybrid motor.

The Arrheniuslaw shown in Fig. 4 was combined with the instan-
taneous regression-rate database to calculate the total surface heat
fluxes. In a parallel effort Venketeswaranand Merkle?* developeda
two-dimensional computational fluid dynamics (CFD) code to nu-
merically simulate the regression and combustion processes in the
present hybrid motor and obtained a number of important results.
Figure 5 compares the total heat-flux profiles obtained using the
current method for Tests 17 and 19 (conducted under similar con-
ditions, but different X-ray viewing regions) with the numerically
calculated profile. Exceptnear the inlet to the combustion port, very
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Fig. 6 Component heat-flux behavior with respect to G, p, and O/F
ratio.

reasonable agreement was obtained for both cases. The heat flux
tends to increase in the downstream direction because of the contin-
ual addition of pyrolyzed fuel and thermal energy generation from
combustion. Figure 4 also provides the corresponding regression-
rate profiles, which tend to follow the total heat-flux profiles.

The component heat fluxes were determined according to the
procedure describe earlier. Figure 6 shows typical results from Test
15, along with the local mass flux, pressure and O/F ratio traces. At
higher mass fluxes the convective portion of the total heat flux is rel-
atively large compared to the radiant heat fluxes caused by soot and
the gas-phasecombustionproducts. At lower mass fluxes the radiant
heat fluxes become relatively more important. Near the beginning
of the test, g/ accounts for about 80% of ¢, , whereas near the end

tot?

it is about 60% of g;.,. As the O/F ratio increases during the test,
the emissivity caused by soot decreases because a larger amount of
oxygen is available to react with the pyrolyzed fuel. However, the
O/F ratio also affects the average temperature across the reaction
zone, which is the reference temperature for the soot radiation cal-
culations. Thus, the soot radiation initially increases, even though
k, decreasesbecause the flame temperature increases with O/F ratio
up to an O/F ratio of about 2.7. The test conditions of Fig. 6 corre-
spondsto a fuel-richsituation. After peaking, the soot radiation then
decreases as a result of the inverse relationship between soot emis-
sivity and O/F ratio. On the other hand, equilibrium calculations
show that, at fixed pressure and increasing O/F ratio, the reaction of
HTPB and O, produceshighermole fractionsof CO, and H,O at the
expense of CO. Because most of the gas-phase radiation originates
from CO,, the overall radiation from gaseous combustion products
tends to increase at higher O/F ratio levels. However, the radiation
from the gaseous combustion products represents a small portion
of the total heat flux over the entire operating range because of the
relatively small magnitude of the individual emissivities, shown in
Fig. 7. Carbon dioxide contributes most of the gas-phase radiation
at all O/F ratios greater than 1.5. In comparison the effective soot
emissivity is about 0.2 at an O/F ratio of 2.5.
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Fig. 7 Components of gas-phase emissivity from flame for typical con-
ditions.

Regression-Rate Correlations

Based on the results of the pyrolysis experiments and heat-flux
calculations,it was assumed that the solid-fuelregressionrates were
governedprimarily by heattransferto the fuel surface via convection
and radiation. The possible effects of heterogeneousreactions and
rate-limiting gas-phase chemical kinetics were ignored based on
the good agreement between the pyrolysis laws obtained from the
hybrid motor tests and thermal pyrolysis experiments. Lengelle et
al3! has also suggested that HTPB regressionduring practicalmotor
operation (with oxygen) is probably not influenced by gas-phase
reaction kinetics.

Drawing on the work of Lees,”> Marxman and Gilbert' used a
simple energy flux balance on the fuel surface to show, for a purely
convective heat-transfer-governedfuel regression process, that

q//
=—*—=G-S5t-B 1

(AHu)eff ( 9)
For the present purposes the Stanton and blowing numbers can be
defined as

prr

q//
St = < (20)
G[AHr + (hbulk - hwall)]
B = AHr + (hbulk — hwall) (21)

(AHu)eff

Marxman assumed that the boundary-layer reaction zone did not
affect the velocity profile and defined St in terms of G at the flame,
leading to an alternatedefinition of B.!~3 The blowing parametercan
be interpreted as the ratio of the thermal energy of the main stream
relative to the surface to the thermal energy required to pyrolyze a
unit mass of solid fuel. Equation (21) is similar to definitions given
by a number of other researchers’-*

Equation (19) states that the convective heat flux provides the
energy required to pyrolyze a unit mass of solid fuel at a given re-
gression rate. However, the current heat-transfer analysis revealed
that thermal radiation plays a nonnegligible role in the overall re-
gression process. To account for this additional driving force for
solid-fuel regression, Marxman and coworkers>> suggested that a

correction factor be included on the right side of Eq. (19), such that

" " "
psr = 4 |:q_, +exp<—q—’)i| (22)

(AHu)eff C]é/ qé/
As noted by Marxman, it is important to understand that the con-
vective and radiant heat fluxes reaching the fuel surface are not in-
dependent of one another. Radiant heat flux causes additional wall
blowing, which acts to block the convective heat flux, causing the
regression rate to decrease. When the regressionrate decreases, the
blocking effect decreases, and convective heat flux to the fuel sur-
face increases, and so on. In the absence of radiation, the entire
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term in square brackets in Eq. (22) becomes unity, as expected for
a purely convective heat-transfer situation.

Equation (19) was also modified to accountfor the effects of vari-
able fluid and transport propertiesin the boundary layer, which may
have some effect on solid-fuel regression>* Following the method
suggested by Kays and Crawford,>* a temperature factor 6, repre-
senting the ratio of average flame to surface temperature, was em-
ployed to accountfor these effects. These temperatures seem appro-
priate because the reaction zone represents the effective boundary
for heat transfer to the fuel surface. Using property ratios to ac-
count for variable fluid and transport property effects is a relatively
standard technique for flows involving combustion or high Mach
numbers. The final equation chosen to correlate the experimentally
determined regression rates had the form:

psr/G = aStBo® {c(q;//q:)d + exp[—c(q;//q!)d] }

= aStBO*[F(q!/q))] (23)

where a, b, ¢, and d represent empirical parameters. Although
Marxman suggested that ¢ and d were both unity for hybrid sys-
tems with B > 5, these two parameters were allowed to vary to fit
the data because the local, instantaneous values of B were some-
times less than five for some of the tests conductedduring the current
investigation.

A least-squares fit of the experimental data fit Eq. (23) yielded
a=0.524, b=0.6, c=1.3, and d=0.75. Figure 8 shows that
Eq. (23) predicts the experimental results to within £3%, which
is about the same as the estimated measurement error. Though Eq.
(23) does not have a particularly simple form, each of the factors
has a definite physical significance: St and B account for convective
heat flux to the fuel surface in the presence of wall blowing, the
term in brackets accounts for the additional driving force of thermal
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Fig. 9 Typical temperature ratio behavior.

radiation and 6 accounts for effects of fluid and transport property
variations in the shear layer below the reaction zone.

Figure 9 shows typical flame and surface temperatureresults to il-
lustrate the qualitativebehavior of the temperature correctionfactor.
The temperature ratio increases during the test, mainly because of
the decrease in surface temperature. The surface temperature drops
because of a decrease in convective heat flux (see Fig. 6) accompa-
nying the decrease in local mass flux. The bulk flame temperature
varies somewhat as a result of changes in instantaneous O/F ra-
tio and pressure. For the typical temperatures shown in Fig. 9, §%¢
ranged from 1.7 to 2.0.

Figure 10 shows the behavior of the radiative term and the cor-
responding term suggested by Marxman and coworkers.2* Up to a
q!/q! value of 2.86, the function F(g//q!") shown in Eq. (23) is
larger than Marxman’s term. When g /q” = 1.0, F(q'/q!) is about
15% larger than Marxman’s. Above 2.86, Marxman’s term becomes
larger. For the tests conducted here the calculated values of ¢, /q”
were most typically between 0.5 and 1.0. Therefore, radiantheat flux
was generally found to be of the same order as convective heat flux.

As discussed in the Introduction, many investigations have used
simple correlations, such as the well-known r =aG", to describe
a particular set of experimental data. Though such regression-rate
correlations may describe the time-averaged data to acceptable ac-
curacy, large errors often result when applied to other test data.’
Figure 11 shows the results of Eq. (16), developed using the average
data shown in Table 1, applied to both the instantaneous and aver-
age regression-ratedata of the currentinvestigation.The correlation
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sion rates.
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fairly accurately describes the average regression-rate data. How-
ever, the local, real-time data do not fit nearly as well and frequently
displayerrors up to £20%. Comparing Figs. 8 and 11, it is clear that
Eq. (23) not only provides physical insight into the regression-rate
behavior, but also describes the experimental data to much better
accuracy. The expression r =aG" does not properly represent the
physical nature of the solid-fuel regression rates.

Heat-Transfer Correlations

To illustratethe effects of wall blowing on convectiveheat transfer
to the fuel surface, the Stanton number in Eq. (23) can be multiplied
and divided by the reference Stanton number for turbulent pipe
flow,?? where

St, = 0.023Re},>2Pr~°7 (24)
Using Eq. (24) in Eq. (23) and rearranging yields
psr/G = 0.0155Re; 2 (St/S1,)B8**{1.3(q/ /q/)""

c

+ exp[—1.3(¢/ /g’ ]} (25)

where the bulk gas Prandtl number was absorbed into the leading
constant because it did not vary significantly from 0.7.

The Stanton-number ratio gives an indication of the amount of
convective heat flux reaching the surface under the hybrid motor
conditions with respect to that expected for simple turbulent pipe
flow without the additional effects of wall blowing and boundary-
layer combustion. The Stanton-numberratio can itself be correlated
with other parameters, such as the blowing parameter. Based on the
results of several researchers, Marxman and coworkers>* concluded
that for 5 < B <100

St/St, = 1.2B7%7 (26)

The inverserelationshipshown in Eq. (26) implies that higher blow-
ing numbers cause greater blockageof convectiveheattransferto the
fuel surface. Given the relative importance of the radiant heat flux
revealed by the current analysis, it seems logical that radiant heat
transfer can also affect St/St,. For situations involving significant
radiation, Marxman showed that

B..a = B -expl1.3(q) /q))] 27

againfor5 < B < 100 (Ref.2). A new blowing number was therefore
defined for the present analysis as

Bmod =B- eXP[”(‘];//CIZ)] (28)

where n represents an empirical constant. For the present analysis
it was found that n = 1.0 gave the best correlation results.

Figure 12 shows a plot of St/St, vs B,,q with n =1.0. Several
characteristics of the Stanton-number ratio behavior are immedi-
ately apparent. First, the data set available from the downstream
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Fig. 12 S#/St, behavior with respect to Byod-

X-ray viewing window tend to display lower values than the up-
stream data at the same value of Byea. Second, the St/St, ratio
often exceeds unity, even in the presence of wall blowing. Both of
these observations can be explained by a closer inspection of the
boundary-layercombustion process.

A reasonable explanation for the first characteristic concerns the
development of the boundary-layerflow between the two opposing
fuel slabs. If the downstream region was fully developed while the
upstream region was subject to developing boundary layers, the
convective heat-transfer behavior in each of the two regimes could
prove different, implying the need for two separate correlations.
For each test, calculations were made of the local, instantaneous
boundary-layerthickness using two differentequations:

8 = 0.37 x Re[*? (29)
and
8 = x{[0.0281(1 + B)/I1[fa(1 + B)/B]}**Re;"* (30)
where

_ 7(1+ 1.3B 4 0.364B%)
- 72(1 +0.5B)2

(3D

Equation (29) represents the standard expression for the thickness
of a boundary layer over a turbulent flat plate in the absence of com-
bustion and wall blowing and serves as a limiting case. Marxman
presented Eqgs. (30) and (31) to account for the effects of blowing
and combustion on the boundary-layer thickness? Wall blowing
should tend to increase the boundary-layer thickness over that of
the reference case. The modified blowing parameter By,oq Was used
here in place of B in Eq. (30) and (31) to account for the effects of
radiation.

To estimate where the boundary layers merged, the calculated
local boundary-layerthickness was compared to the experimentally
measured port height (distance between the two fuel slabs). For
the regression-rate data obtained in the downstream region of the
motor, beyond about x /L =0.5 both Eqgs. (29) and (30) predicted
that the boundary layers were merged at the beginning of the test
when the port heightis small. Toward the end of the tests, when port
height has grown as a result of fuel regression, Eq. (29) sometimes
predictednonmergedboundarylayers,but Eq. (30) alwaysindicated
fully developed flow. However, for 0 <x/L < 0.4 the calculated
local boundary-layerthickness was always less than half of the local
port height. Thus, it seems that the boundary layers merged for
each test somewhere along a region of the combustion port between
0.4 <x/L <0.5. This region was blocked from X-ray viewing by
a motor structural support element between the two windows. This
location corresponds to a instantaneous x /4 range of about 12—
24, depending on test conditions. Based on these results, it was
concluded that developing flow probably prevailed in the upstream
portion of the motor, from the fuel slab leading edge down to at
leastx /L = 0.4, while the flow in the downstream portion was fully
developed. Because convective heat-transferrates in the developing
regionof an internal flow are higherthan those in the fully developed
region,** it seems logical that the upstream S#/S%, values tend to be
somewhat higher than those in the downstream region at the same
value of Boq.

Note also from Fig. 12 that the Stanton number is sometimes
larger than the reference Stanton number, i.e., St/S?, > 1. This find-
ing suggests that the actual shear flow is quite different from simple
turbulent pipe flow. The effects of axial acceleration as a result of
boundary-layer growth in a confined space, the addition of heat
and mass in the downstream direction, and variable fluid properties
across the boundary layer can all affect the boundary-layer behav-
ior. Previous researchers have found smaller Stanton-numberratios
at similar blowing parameters (not including radiation), but their
experiments did not take into account the hybrid boundary-layer
effects encountered in realistic motors and considered mainly flat
plate-type flows over single fuel slabs.?
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Fig. 13 Calculated gas velocity and temperature profiles.??

Because the reaction zone represents the effective boundary for
heattransferto the fuel surfacein classicalhybrid rocket motors, dis-
tortions in the local mass-flux (pu) profile caused by the presence
of the high-temperature reaction zone could affect local Stanton-
number behavior. Figure 13 shows a set of calculated gas tempera-
ture and mass-flux profiles** simulating one of the slab motor test
runs of this study. The numerical results at three different axial lo-
cations correspondto a time 3.5 s after ignition for the conditions of
Test 17. For clarity, the mirror image profiles for the opposing fuel
slab are not shown. As expected, the presence of the reaction zone
in the boundary layer causes severe temperature gradients. How-
ever, the reaction zone also distorts the mass-flux profiles, creating
minimum mass fluxes less than that of the core mass fluxes. This
effect is stronger near the front of the fuel slab and becomes less
pronounced with increasingaxial location caused by the increase in
average gas temperature from fuel addition and combustion.

Based on the definition of the Stanton number, St is inversely
proportional to pu. The Stanton number can be defined as St=
h/puc, =Nup/RepPr. As an example, consider that for turbulent
pipe flow Nup ~ Re%®. Combining these two equations shows that
St~ Re;,”*. Because Rep ~ pu, it follows that St~ (pu)~*2. Be-
cause the mass flux at the reaction zone in the hybrid boundary
layeris lower than that of the boundary-layeredge for the reference
case of turbulent pipe flow (at the same Reynolds number), the lo-
cal Stanton number for the hybrid boundary layer can sometimes
exceed the reference Stanton number. It should again be empha-
sized that both St and S?, were calculated using the local, average
G rather than the local value of G at the flame, which is difficult to
evaluate analytically. The average value of G, on the other hand, is
a conveniently calculated quantity for internal flow situations.

Stanton-number-ratiocorrelationsas a function of both B, and
D,, were obtained for both upstream and downstream flow regimes.
The following correlation was found to fit the data for the developed
flow region (x /D), > 10, approximately)

St/Sty = (073 + 9.16B¢) - (D,/L)*>  for

mod

x/D,>10
(32)

This equation should only be applied to cases in the same range
of blowing parameters studied (2 < Byoq < 7) as shown in Fig. 12.
Figure 14 shows the comparison of the experimental data with the
predicted results from Eq. (32); the agreement is within £10%.
In the developed regime the data with higher values of By,oq
(above 5, approximately) tend to correlate well with
St/St, = 2B 07 (33)
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Fig. 14 St/St, correlation for fully developed flow using Eq. (32).

The power of —0.73 is similarto thatof Marxman’s —0.77; however,
the coefficient of 2 is substantially larger than that of 1.2 shown in
Eq. (26), possibly because of the different definitions of G used to
calculate St.

Combining Eqgs. (25), (28), and (32) to eliminate the Stanton
number ratio yields

psr/G = 0.0155(D,,/L)°*6°°Re;,**{0.73B +9.16B70¢

xlexp(q; /a1~ H{1.3(a/' /a7 + exp[—1.3(a/' /9))° ]}
(34)

Exceptforg,’/q, all other variablesin Eq. (34) should be reasonably
well known. Though this heat-flux ratiois notusually known a priori,
itturnsoutthatthe function R of B andg,' /¢, defined by the product
of the last two terms on the right side of Eq. (34), where R is given
by

R[B, (q]'/q/)] = {0.73B + 9.16B~"%[exp(q/ /g/)] "}

% { 1.3(6]:/6]!)0’75 + exp[—l.S(q;//q:)UJS]} (35)

did not vary much for the tests conducted during this investigation.
The values of R(B, q/q”) had a mean of 4.73 with a standard
deviation of 0.35. The correspondingblowing parameters and ratio
of radiant to convectiveheat fluxes had mean values of 2.1 (standard
deviation of 0.18) for B and 0.74 (standard deviation of 0.17) for
/4.

The functiondefined in Eq. (35) gives a measure of the combined
effects of radiation on both fuel regressionrate and Stanton-number
ratio. The limited range of R(B, q/q!) implies that, because the
blowing number does not vary greatly, radiant heat transfer tends
to act as a self-regulatingprocess by increasing solid-fuel pyrolysis
but also reducing convective heat flux as a result of additional wall
blowing. This behavior may explain why many previous investiga-
tions have not examined radiant heat transfer to any great extent,
if at all. An analysis less thorough than that employed here could
easily lump the variationsof Eq. (35) into an empirically determined
constant correlation parameter.

Readers familiar with the hybrid literature may be surprised that
the valuesof B calculatedhere are somewhatsmaller than those cited
by previousresearchers.For example, Marxmanetal. suggestedthat
for acrylic/O, systems B is normally between 5 and 10, and thus
their regression-rateequations were developed for B > 5. Although
some differences in the ranges of B cited can be attributed to dif-
ferent propellants, the major factor is probably different definitions
of B. The definition employed here includes in the denominator the
enthalpy required to heat a unit mass of fuel from its initial value to
the pyrolysis temperature. This definition leads to smaller values of
B. In addition, Marxman et al. included in the numerator a factor
to account for the velocity ratio between the boundary-layer edge
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and the flame.! =3 They assumed that the flame does not affect the
velocity profile and that this ratio was therefore about two, which
leads to larger values of B. However, as shown by Venkateswaran
and Merkle > the streamwise velocity at the flame may exceed the
corresponding velocity at the edge of the shear layer. Smoot and
Price’ calculated B values of around 1-2 for rubber/O, propellant
using a blowing number definition similar to that of the current
analysis.

A correlationfor the Stanton-numberratio in the developing flow
regime was also obtained:

.X/Dh <10
(36)

St/St, = (0.72+ 8.0B;13) (D, /L)**  for

mod

which is quite similar to the correlation for fully developed flow.
Though most of the data fit within a £10% error band, a good
portion was accurate to only £20%. A developing flow version of
Eq. (34) can be obtained by substituting Eq. (36) into Eq. (25). For
the developing flow region R(B, q/'/q!), B, and g/’ /g had mean
values of 4.69 (standard deviation of 0.49), 1.8 (standard deviation
of 0.15), and 1.3 (standard deviation of 0.46), respectively.

Becauseboth the fully developed and developing Stanton-number
correlations had the same mathematical form and similar empirical
constants, a third correlation was developed to represent the com-
bined data set from both the upstream and downstream data:

St/Sty = (0.65 +9.56B1#) - (D, /L)"* (37)
This overall correlation had about the same accuracy as Eq. (36),
but applied over the entire fuel slab. However, using Eq. (37) rather
than Eq. (32) for the fully developed data would reduce the accuracy
of the Stanton-number prediction for that flow regime from +10 to
+20%.

Finally, Nusselt-numbercorrelations can be derived by substitut-
ing the reference Stanton number [Eq. (24)] into Eqgs. (32) and (37)
and employing the relationship between the Nusselt and Stanton
numbers, Nu = RePrSt, yielding

Nup = (0.017+0.21B;,") - ReS*Pro3 (D, /1)* for x/D, 310
(38)

Nup = (0.016+0.18B;'7) - RS PrO3(D, /L)** for x/D, Z 10
(39)

Correlation of Literature Data

To test the accuracy of the deduced correlations when ap-
plied to other researchers’ data, the regression-rate correlation,
Eq. (23), with the same values of a =0.524, b=0.6, c=1.3, and
d =0.75, was employed to predict experimental data from Shanks
and Hudson'® and Boardman et al.!” Shanks and Hudson presented
a set of results from a series of HTPB/GOX test firings in a tube-
geometry, lab-scale hybrid motor. The experimental conditions, in
terms of G, O/F, p, D, and L, were used in the current data anal-
ysis routine to predict the dimensionless regression rate. Because
no local regression rates were given, the assumption was made that
the average regression rate occurred midway along the fuel grain
(x=12.7 cm).

Boardman et al.'” presented the results of the 11-in. JIRAD mo-
tor firings. Although this motor was used to test several fuel port
geometries, only the circular port tests were considered during the
current study. The JIRAD fuel consisted of about 40% HTPB and
60% Escorez. Therefore, the pyrolysis model given in Ref. 17 for
the JIRAD fuel was used in place of the pure HTPB pyrolysismodel.
However, the soot model developed during the currentinvestigation
for pure HTPB was employed because no soot data were available
for the JIRAD fuel.

The results of the analysis are shown in Fig. 15 and indicate that
Eq. (23) slightly overpredicted the Ref. 18 data by an average of
+3.9% (error range of —2.4 to +9%), whereas Ref. 19 data were
slightlyunderpredictedby an average of —5.7% (errorrange of +0.3
to —10.2%). This error seems reasonable considering the widely
different test devices used in the experiments. In comparison, the
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Fig. 15 Correlation for Refs. 18 and 19 data using Eq. (23).

simple correlation given by Eq. (16) consistently overpredicted the
Ref. 19 data by an average of 35%. When applied to the Ref. 18
data, Eq. (16) produced errors between +20 and —10%.

Although both of the motors from Refs. 18 and 19 used circu-
lar ports, Shanks and Hudson’s motor was of similar scale to the
motor used in the present study, but the JIRAD motor grains were
approximately five times larger. Thus, Eq. (23), obtained using data
from a lab-scale, slab-geometry motor, gave quite reasonable re-
sults for a circular-port motor of substantially larger scale. These
initial results are encouraging, but more analysis is required to de-
termine the applicability of Eq. (23) to independent data of larger
scales. However, these and earlier results of the analysis presented
here suggest that mechanistic approaches to regression-rate predic-
tion can be much more accurate than purely empirical correlations,
especially when applied to other motors of different scale and ge-
ometry. Such methods can accountfor the various combustion phe-
nomena that govern local solid-fuel regression in hybrid motors,
as well as the interactions among these phenomena. For alternate
propellant combinations, proper fuel decomposition kinetics, py-
rolyzed species concentration profiles, combustion chemistry, and
thermal radiation models must be employedto fully analyze the fuel
regression-rate behavior.

Conclusions

A semi-empirical approach was developed to assist in correlat-
ing the experimental regression rates measured in a lab-scale hy-
brid rocket motor. The method incorporates experimental hybrid
motor results, thermal pyrolysis results, transient, one-dimensional
conservation equations, interfacial mass and energy flux balances,
algebraic models to calculated radiant heat fluxes, and chemical
equilibrium calculations. Regression-rate and heat-transfercorrela-
tions were developed to describe the experimental results from the
motor firings. The correlations, though complex, offer several in-
sights into regression-rate behavior in hybrid motors because each
term has a certain physical significance. The ratio of flame temper-
ature to surface temperature illustrates the effect of variable fluid
and transport properties in the boundary layer on regression-rate.
The radiant heat flux also plays an important role in the overall
regression process: radiation from soot and gas-phase combustion
products increases the regressionrate, but this increase in gas blow-
ing also blocks convective heat transfer, as shown explicitly by the
Stanton-number correlations. In addition, the Stanton-number-ratio
correlations indicate that the internal, accelerating flow with com-
bustion and variable fluid properties sometimes have larger convec-
tive heat-transfer rates than the reference flows, even in the pres-
ence of wall blowing. Depending upon the flow regime (developing
or fully developed), different correlations of Stanton number with
blowing parameter and dimensionless length scale were necessary
to accurately represent the data. The correlations adequately pre-
dicted regression rates from circular-port geometry hybrid motors
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of both laboratory and large scales used by other researchers. Sim-
ple expressions such as r =aG”" do not adequately represent the
boundary-layer combustion processes and produced significantly
larger errors than the correlations developed here when applied to
independentexperimental data. The results of this investigationsug-
gest that fuel regression behavior can be accurately predicted when
proper combustion chemistry, radiation, and fuel pyrolysis models
are combined with scientific correlations that account for the com-
plex boundary-layerprocesses governing local solid-fuel regression
rates in hybrid rocket motors.
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